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A graph G is bridged if each cycle C of length at least four contains two vertices whose 
distance from each other in G is strictly less than that in C. The class of bridged graphs is an 
extension of the class of chordal (or triangulated) graphs which arises in the study of convexity 
in graphs. 
A set K of vertices of a graph G is geodesically convex if K contains every vertex on every 
shortest path joining vertices in K. It is known that a graph is bridged if and only if the closed 
neighborhood f every geodesically convex set is again geodesically convex. 
This paper contains everal results concerning geodesicaUy convex sets in bridged graphs. As 
an interesting consequence of these results we obtain two recursive characterizations of the 
class of bridged graphs. 
1. Introduction 
All graphs in this paper are assumed to be finite. A subgraph H of a graph G is 
isometric if the distance between any pair of vertices in H is the same as that in G. 
A chord of a cycle C in G is an edge of G joining nonconsecutive rtices of C. A 
bridge of C is a shortest path in G joining nonconsecutive rtices of C which is 
shorter than both of the paths in C joining those vertices. Thus a chord is a bridge 
of length 1. A graph G is chordal if every cycle of length at least 4 has a chord, 
i.e., if G contains no induced cycles of length greater than 3. A graph G is 
bridged if every cycle of length at least 4 has a bridge, i.e., if G contains no 
isometric ycles of length greater than 3. Observe that, in a bridged graph, every 
cycle of length 4 or 5 has a chord. However, longer cycles might not have chords. 
For example, the 6-cycle on the perimeter of the wheel of length 6 has no chords, 
and yet this wheel is certainly bridged (see Fig. 1). 
Chordal graphs have been studied extensively (see e.g. [3, 7]). The class of 
bridged graphs is an extension of the class of chordal graphs which arises in the 
study of convexity in graphs [6, 13]. 
Let K be a set of vertices in a graph G = (V, E). The closed neighborhood of 
K, denoted by N6[K], or simply by N[K] if there is no ambiguity, is 
K t3 {u : uv ~ E for some v e K}, and the open neighborhood of K, denoted by 
NG(K), or by N(K), is N[K]\K. We say that K is geodesically convex (g-convex) 
in G if K contains every vertex on every shortest path between vertices of K. 
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Fig. 1 
Also, K is monophonically convex if K contains every vertex on every chordless 
path between vertices of K. Both of these notions of convexity in graphs have 
been studied previously (see, e.g. [1, 4, 5, 6, 8, 9, 11, 12, 13]). The chordal 
graphs are precisely those graphs with the property that the closed neighborhood 
of every monophonically convex set is monophonically convex [5] (cf. [3]), 
whereas the bridged graphs are precisely those graphs with the property that the 
closed neighborhood of every geodesically convex set is geodesically convex [6, 
131. 
Observe that every induced subgraph of a chordal graph is chordal. However, 
it is not true that every induced subgraph of a bridged graph is bridged. (For 
example, the subgraph of the graph in Fig. 1 induced by the solid vertices is not 
bridged.) Indeed, it is not even obvious whether every bridged graph G contains 
a vertex v such that G\v  is also bridged. Such a vertex has been termed 
suppressible by Jamison, who asked [10]: 
QI: Does every bridged graph have a suppressible vertex? 
Q2: Is every nonsuppressible v rtex of a bridged graph an axle of an induced 
wheel? 
This paper contains everal results concerning -convex sets in bridged graphs. 
These include affirmative answers to the above questions, and two recursive 
characterizations of the class of bridged graphs. 
It is worth noting that, while every minimal cutset in a chordal graph is 
monophonically convex (in fact, each such set induces a complete subgraph [3]), 
there are bridged graphs in which no cutset is geodesically convex [6]. 
Following are definitions and notation which will be used in the remainder of 
this paper. A cycle C = VoVl . . .  VnVo of a graph G = (V, E) is bridged if it has a 
bridge or is a triangle; otherwise it is bridgeless. Thus a bridgeless cycle is an 
isometric ycle of length at least 4. C is well-bridged if, for each i = 0, 1 , . . . ,  n, 
either vi lies on a bridge of C or vi_ivi+l e E (addition modulo n + 1). A set K of 
vertices is connected (respectively, complete) if it induces a subgraph which is 
connected (respectively, complete). For each j I> 1, NJ[K] = N[NJ-I[K]], and 
N°[K] = K. The subgraph of G induced by V \K  is denoted by G \K. For each 
u e V, d(u, K) = min{d(u, v) :v e K}, where d(u, v) is the number of edges on a 
shortest u-v  path. The distance between u and v in the subgraph induced by K is 
denoted dr(u, v). The eccentricity of a vertex u, denoted by e(u), is 
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max{d(u, v) :v  e V}, if G is connected. For graph theoretic definitions and 
notation not given here, see [2]. 
2. The results 
The following results from [6, 13] will be used: 
Lemma 1 ([6]). Suppose G is a graph and C is a minimum length cycle of G 
which is not well-bridged. Then C is bridgeless. 
Lemma 2 ([6]). Suppose K is a g-convex set in a bridged graph G. Then 
dru~y)(X, y) = de(x, y), for each x in K and y in N(K). 
Lemma 3 ([6, 13]). A graph G is bridged if and only if NJ[K] is g-convex for each 
g-convex set K in G, and each j > O. 
Lemma 4 ([6]). Suppose K is a connected subset of vertices of a bridged graph G. 
Then K is g-convex if and only if N[v] N K is complete for each vertex v not in K. 
Several other preliminary results are required: 
Lemma 5 .  Suppose K is a g-convex set in a bridged graph G, and S = 
{vl, v2, . • •, Vm} is a complete set of vertices in N(K). Then the vertices in S have 
a common eighbor in K. 
Proof. The proof is by induction on m. The case m = 1 is trivial. Suppose m > 1 
and the claim holds for each m' < m. Then, in particular, there is a vertex v in K 
which is adjacent to vi, for i = 1, 2 , . . . ,  m-  1. Thus, dG(v, Vm)~<2, and so 
dKut~,,.)(V, m)~<2, by Lemma 2. If v is adjacent o Vm, then v is the desired 
vertex. Otherwise, there is some u e K which is adjacent o both v and Vm. In that 
case, C~ = UVV~VmU is a 4-cycle, for i = 1, 2 , . . . ,  m - 1. Since G is bridged, each 
Ci has a chord. Since v and v,, are not adjacent, we find that u is adjacent o v~, 
for i=1 ,  2 , . . . ,  m. 
Lemma 6. Suppose G is a graph and C = VoV~... VnVo is a minimum length 
bridgeless cycle of G. If  C is of length at least 6, then C~= 
roy1. . ,  v i - lxvi+l . . .  VnVo is a bridgeless cycle, for each x e N[vi-1] tq N[vi+l] 
(addition modulo n + 1), and each i = O, 1 , . . . ,  n. 
Proof. Suppose x e (N[v~_l]nN[vi+l])\{v~}. Then Cx is a cycle, unless C is of 
length at most 4, since C is bridgeless, and hence chordless. Suppose Cx has a 
bridge. Then C# is well-bridged, by Lemma I and the choice of C. If vi+l lies ona  
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bridge of C~, then that bridge is also a bridge of C, contradicting the fact that C is 
bridgeless. Thus x and vi+2 are adjacent. Since C is bridgeless, the path vi_lxvi+2 
is not a bridge of C. Hence C is of length at most 5. [] 
Given a graph G and two subsets, A and B, of vertices, we define 
mG(A, B)=max{dG(u, B):u cA}. 
Lemma 7. Suppose K is a g-convex set in a bridged graph G, and H is an induced 
subgraph of G which is not bridged. Let C be a minimum length cycle in H which 
is not bridged, and, subject o this, minimizes ~ (dG(u, K) "u e C). Suppose that 
for each u eC  with dc (u ,K)=mr(C ,  K), we have Nc[u]NN~[K]cV(H) ,  
where j = me(C, K) - 1. Then the vertices of C are equidistant to K. 
Proof. Let C= V0VlV2... VnVo, and suppose that the vertices of C are not 
equidistant to K. Then we may asume that dc(vo, K)=me(C,  K )=]  + 1, and 
dr(v,,  K)=j .  Observe that C is chordless in H and hence in G. Thus C is of 
length at least 6, since G is bridged. 
By Lemma 3, NO[K] is g-convex in G. If vl e NO[K], then vl and v, are 
adjacent, by Lemma 4, contradicting the fact that C is chordless. By Lemma 5, v0 
and Vl have a common neighbor, say x, in NJ[K]. By Lemma 4, v, is adjacent to 
x. By hypothesis, x e V(H). Thus, by Lemma 6, Cx = xvlv2. . . v,x is a bridgeless 
cycle in H of the same length as C. However, ~ (de(u, K ) :ueCx)< 
(dr(u, K) :u e C), contradicting the choice of C. [] 
Theorem 1. Suppose G is a bridged graph and K is a set of vertices uch that N[K] 
is g-convex. If G \K  is not bridged, then there is a (minimum length) bridgeless 
cycle of G \ K contained in N(K). 
Proof. The proof is by contradiction. Let G = (V, E) be a counterexample, and 
let K be a set of vertices such that N[K] is g-convex and G \K  is not bridged, 
but which violates the conclusion. Let C=vov l . . .  V, Vo be a minimum 
length bridgeless cycle in G kK which minimizes ~ (d(u, N[K]):u e C). Then 
C is chordless. By assumption, C ~= N(K). Trivially, N[u] c_ VkK  for each 
u e C kN[K]. Thus the vertices of C are equidistant to N[K], by Lemma 7. Let 
this common distance be m. Then m t> 1 and d(u, K) = m + 1 for each u e C. 
Observe that C is of length at least 6, since C is chordless and G is bridged. 
Thus N[v] tq C is complete, for each v in Nm[K], by Lemma 6 and the choice of 
C. It follows that the subgraph H of G induced by Nm[K] t.J C is not bridged, for 
otherwise C would be a chordless cycle of length at least 6 in H which is both 
bridged and g-convex, by Lemma 4. 
Let S be a minimum length bridgeless cycle in H which minimizes 
E (dr(u, N[K]):u eS). If j=mr(S ,  K) -  1, then j<~m, since V(H) E__Nm+I[K]. 
Thus, for any u e S, N[u] tq NJ[K] c_ Nm[K] E V(H). Hence, by Lemma 7, the 
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vertices of S are equidistant to N[K]. Observe that S ~ N m[K], since G is bridged 
and Nm[K] is g-convex in G, by Lemma 3. Thus S c_ C. Hence S = C, since C is 
chordless. On the other hand, since C is bridged in G but not in G\K,  there exist 
vertices vi, vj ~ C and u e K such that do(v,  u) + do(u, vj) = dc(v~, vj) < 
dc(vi, vj). Since Nm[K] is g-convex, we find dc(vi, u)=dH(vi, u) and 
d6(vj, u)=dH(v~, u), by Lemma 2. Thus C is bridged in H, which is a 
contradiction. [] 
It is worth noting that if N[K] is not g-convex, then the conclusion of Theorem 
1 may fail to be true. Consider, for example, the graph G in Fig. 2, which is 
bridged [6]. If we let K be the (connected) set of solid vertices, then G \ K is not 
bridged (since the cycle on the infinite face is bridgeless), and yet each cycle in 
N(K) is well-bridged in G \K. 
On the other hand, since the closed neighborhood of any g-convex set in a 
bridged graph is g-convex, Theorem 1 holds for g-convex sets. Since singletons 
are trivially g-convex, we obtain as a corollary an affirmative answer to Q2 of the 
introduction. 
Corollary 1.1. I f  G is bridged but G \ v is not bridged, then v is an axle of an 
induced wheel in G. 
Corollary 1.2. Suppose G is a bridged graph and N[v] induces a chordal 
subgraph, for each vertex v. Then G is chordal. 
Proof. We establish the contrapositive. Suppose that G is bridged but not chordal. 
Then G contains an induced subgraph which is not bridged, e.g., any chordless 
cycle of length at least 4. Let H be a maximal induced subgraph of G which is not 
bridged, and let v be any vertex which is not in H. Then the subgraph induced by 
V(H) U {v} is bridged, and so there is a bridgeless cycle of H contained in N(v), 
by Theorem 1. Thus N[v] does not induce a chordal subgraph. [] 
Lemma 8. Suppose K is a set of vertices of a bridged graph G = (V, E). Then 
N[K] is g-convex in G if and only if N(K) is g-convex in G \ K. 
Proof. Observe that sufficiency holds even if G is not bridged: If N[K] is not 
Fig. 2 
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g-convex, then there exist two nonadjacent vertices u, v • N[K] and a shortest 
u-v path P = uyxy2 • .. y~,v with Yl,. • . ,  Y~, ¢ N[K]. Clearly u, v • N(K) and P is 
a shortest u-v  path in G \K. Thus N(K) is not g-convex in G \ K. 
To prove the converse, we may assume that G is connected. The proof is by 
induction on [V\N[K][. The case IV\N[K]I = 0 is trivial. Suppose that N[K] is 
g-convex and that the claim holds for each set K* such that N[K*] is g-convex 
and IV\N[K*][ < IV\N[K]I. Suppose N(K) is not g-convex in G\  K. Then there 
is a pair of nonadjacent vertices, u and v, in N(K), and G\K-shortest u-v path 
P* = UXlX2... XmV, with Xl, x2 , . . . ,  Xm ~ N(K). Observe that Xl, Xm • N(N[K]). 
Also, m =/=1, by Lemma 4. Since G is connected and V\N[K]~ ~, we find 
IV\Ne[K]I < [V\N[K]I. Thus N(N[K]) is g-convex in G\N[K], by Lemma 3 and 
the induction hypothesis. Hence x~, x2,. • . ,  Xm • N(N[K]). By Lemma 5, there 
exists ui • N[K] adjacent o xi and X/+l, for i = 1, 2 , . . . ,  m-  1. By Lemma 4, 
UUlU2. • • Um-lV is a walk in G \K, contradicting the choice of P*. [] 
Theorem 2. Suppose G is a bridged graph and K is a set of vertices uch that N[K] 
is g-convex. Then G \ K is bridged if and only if N(K) induces a bridged graph. 
Proof. By Lemma 8, N(K) is g-convex in G\K.  Thus, if G\K  is bridged, then 
N(K) induces a bridged subgraph. On the other hand, if G \K  is not bridged, 
then it contains a bridgeless cycle in N(K), by Theorem 1. Clearly, this cycle is 
bridgeless in the subgraph induced by N(K). [] 
Theorem 3. Suppose K is a g-convex set in a bridged graph G = (V, E). Then 
G\v  is bridged for each vertex v in N(K) satisfying N[v] c N[K]. 
Proof. The proof is by contradiction. Suppose v • N(K), N[v] c_N[K] and G\v  
is not bridged. By Theorem 1, there is a minimum length bridgeless cycle of G \ v 
contained in N(v). Let C = roy1. . .  VnVo be any such cycle. Since C is chordless 
and G is bridged, we find that C is of length at least 6. 
Suppose C contains a vertex of K, say v0 • K. Since C is chordless and 
C ~_ N(v), dc(vo, V3)  " -  3 and d6(vo, V3)  "-- 2. If v3 • K, then roY3 • E, since 
N(v)AK is complete, by Lemma 4, which is a contradiction. Otherwise 
v3 • N(K), since N[v] ~_ N[K]. Thus d6\~(Vo, v3) ~ druto3)(Vo, v3) = d6(vo, v3) = 
2, by Lemma 2, which is also a contradiction. Thus C lies entirely in V \ K. 
Now (v, Vo, vt} is a complete set of vertices in N(K). Thus there is a vertex Ul 
in K which is adjacent to v, Vo and vl, by l_emma 5. Similarly, there is a vertex u2 
in K which is adjacent o v, v2 and v3~ If Ul = u2, then VoUlV3 is a bridge of C, 
contradicting the choice of C. Thus u~u2 • E, by Lemma 4 and the fact that 
u~, u2 • N[v] n K. Hence, v~v2u2uxvl is a 4-cycle, which must have a chord. If 
VlU  2 • E, then let C* = vov lu2v3  . . . VnV0;  otherwise, let C* = vou lV2V 3 . . . vnv  0 .  
Then C* is also a minimum length bridgeless cycle in G \ v, by l_emma 6 and the 
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choice of C. Moreover, C* ~ N(v), since ul, u2 e N(v). But C* meets K, which is 
a contradiction. [] 
Corollary 3.1. Suppose v is a vertex of a connected bridged graph G. I f  
d(u, v )=e(u)  for some vertex u, then G\v  is bridged. In particular, G \v  is 
bridged if v is of maximum eccentricity. 
Proof. Ne<")'l[u] is g-convex for each u, by Lemma 3. Apply Theorem 3. [] 
From this, we immediately obtain an affirmative answer to Q1 of the 
introduction. 
Corollary 3.2. Every bridged graph has a suppressible vertex. 
We note that Corollary 3.1 can be strengthened slightly, as follows. 
Corollary 3.3. I f  v is a nonsuppressible v rtex of a connected bridged graph G, 
then, for every vertex u of G, there exists a suppressible vertex y such that v lies on 
a shortest u-y path. 
Proof. It suffices to show that if u and v are vertices of a connected bridged graph 
G, and v lies on no shortest u-y path, for all y :/: v, then v is suppressible. Let 
j = d(u, v) - 1. By Lemma 3, NJ[u] is g-convex. Apply Theorem 3. [] 
In [6] it is shown that a graph G is an induced subgraph of some bridged graph 
if and only if G contains no chordless cycles of length 4 or 5. Such graphs have a 
simple recursive characterization. Let G = (V, E) be a graph. We say that a 
subset 
length 
of V, 
lV,(v,) 
K of V is m3-convex if K contains every vertex on every chordless path of 
at most 3 joining vertices in K. For a given linear ordering vl, v2, • . . ,  v,, 
let Gi denote the subgraph of G induced by {vi, V i+l , . . . ,  v,,}, and let 
denote the open neighborhood of vi in Gi, for each i. 
Proposition 1. A graph G = (V, E) contains no chordless cycles of length 4 or 5 if 
and only if V can be ordered vl, v2 , . . . ,  v~, where n = IVI, so that N~(vi) is 
ma-convex in Gi+l, for each i. 
We omit the simple proof, but note that if G contains no chordless cycles of 
length 4 or 5, then any ordering has the property claimed. With slight 
modifications to the above, we obtain characterizations of bridged graphs. 
Theorem 4. Let G = (V, E) be a graph. Then the following are equivalent: 
(i) G is a bridged graph; 
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(ii) V can be ordered vl, 02, - - - ,  Vn, where n = IVI, so that Ni(vi) is connected 
and m3-convex in Gi+l, for each i; 
(iii) V can be ordered vl, v2, . . . , vn, where n = IVI, so that Ni(vi) is g-convex 
and m3-convex in Gi+l, for each i. 
Moreover, any ordering satisfying (ii) also satisfies (iii). 
Proof. The proof is by induction on IV[. The base case is trivial. Suppose n > 1 
and that the result is valid for all graphs on fewer than n vertices. Let G = (V, E) 
be a graph with n vertices. If G is not connected, then the result is valid for each 
component of G, by the induction hypothesis, and hence for G. Thus we may 
assume that G is connected. We will prove that the three conditions are 
equivalent for G by establishing three implications, namely, (i) implies (ii), (ii) 
implies (iii), and (iii) implies (i). In establishing the second implication, we will 
show that any ordering which satisfies (ii) also satisfies (iii). 
Suppose G is bridged. Let v be a vertex of maximum eccentricity in G. Then 
G \ v is bridged, by Corollary 3.1. By the induction hypothesis, it suffices to show 
that N(v) is connected and ma-convex in G kv. Since G has no chordless cycles of 
length 4 or 5, we find that N(v) is ma-convex in Gkv. By Lemma 3 and Lemma 
8, N(v) is g-convex in Gkv. Since v is of maximum eccentricity, it is not a 
cut-vertex of G. Thus N(v) is connected (see also [6, Theorem 6.4]). 
Now, suppose that V is ordered as in condition (ii). Then the induced ordering 
on G \ v l satisfies condition (ii). Thus G \ v l is bridged, and the induced ordering 
on Gkvl  satisfies condition (iii), by the induction hypothesis. To show that the 
ordering of V satisfies condition (iii), it suffices to show that N(Vl) is g-convex in 
GkVl. Since Gkv l  is bridged and N(vl) is connected and ma-convex, N(vx) is 
g-convex by Lemma 4. 
Finally, suppose that V is ordered as in condition (iii). Then the induced 
ordering on V \ V l also satisfies condition (iii). Thus G \v l  is bridged. Suppose G 
is not bridged. Let K = N(vl), and let C = YoY~... YmYo be a bridgeless cycle of 
length at least 4 in G. Clearly vl e C; say v~ = Yo. Since C is bridgeless, it follows 
that d(v~, y i )=i  for i<~ [½m], while d(Vl, y,)=m + 1 - i  for i>  [½m]. Let 
] [½m] 1. Then j-1 = - Ncx~,[K] =N~[vl]k(vl} is g-convex in Gkv~, by Lemma 3. 
If m is odd, then YjYj+2 e E, by Lemma 4, contradicting the assumption that C is 
bridgeless. If m is even, then d(y# Yj+3) <~ 2, again because NJo-x~,[K] is g-convex 
in Gkv~. Since C is bridgeless, we deduce that j = 1 and j + 3 = m. Since K is 
m3-convex in Gkv~, we find that either 5'2, y3eK=N(vO,  or YlY2Y3Y4 is not 
a chordless path. Both possibilities contradict the assumption that C is 
bridgeless. [] 
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